A generalized form related to the usual test fraction is used in an induction proof giving a quick access to the stability test for complex polynomials.
Introduction
We have the following definition of the stability of polynomials.
Definition. A complex polynomial (1.1) pn(z) = z" + an_xz"~l + ■ ■ ■ + a0
for « > 1 is stable by definition if p"(z) = 0 implies Rez < 0. For background and further references, see [1, p. 283 ] and the original papers by H. S. Wall [2] and E. Frank [3] . Consider the fraction Re(fl"_,)2"-'+zTm(a"_2)z"-2 + ---"{ z" + /Im(a,,_1)z''-1+Re(an_2)z'!-2 + ...' This is the test fraction for the polynomial (1.1). We notice that the sum of the numerator and the denominator equals p"(z with tk real and dk > 0 for 1 < k < n . We point out that standard polynomial division is used when checking that (1.2) can be written in the form (1.3). We notice finally that the test fraction for the polynomial (z + x + iy)pn(z) with * > 0 and y real can be written
This is easily seen by observing that the denominator in the test fraction for this polynomial equals (z + iy)(zn + ilm(an_x)zn~l h-) + *(Re(a/I_1)z"~ H-) and adding that numerator plus denominator equals the polynomial. We will first prove by induction a lemma concerning a generalized form related to (1.4). This will next be used to prove the stability test by induction.
The stability test
We will prove the following general lemma.
Lemma. Let a > 0, ß > 0, u real, v real, r > 0 be given such that (aß/4) x (u/a -v/ß) < r. Then for all tk real and dk > 0 with 1 < k < n we have
where Tk is real and Dk > 0 for 1 < k < n + 1. for suitable Tk real and Dk > 0 with 2 < k < p + 2. Using the result above we conclude from (2.1) that the lemma is true for n = p + 1 since Tx is real and D{ > 0, and we are through. Next, we will use the lemma in the proof of the stability test. with tk real and dk > 0 for 1 < k < n .
Theorem (Stability test
Proof. First, we take the simple part and suppose that the test fraction tn(z) in (1.2) can be written in the form (2.3). Clearly the numerator and the denominator in the test fraction cannot be both zero for any z value. Particularly if pn(z) = 0 in (1.1) for Rez > 0 we see that tn(z) = -1. On the other hand, taking fractions repeatedly in (2.3), we see that Rein(z) > 0 or tn(z) is infinite. This is a contradiction and the polynomial in (1.1) is stable. Second, suppose that the polynomial in (1.1) is stable. We proceed by induction. Let « = 1 . In this case the test fraction can obviously be written in the required form (2.3). Suppose further that the test fraction for the polynomial in (1.1) with n = q > 1 can be written in the required form (2.3). Consider n = q + 1. We shall therefore consider the polynomial (z+x + iy)p (z) with *>0 and y real. The test fraction for this polynomial has the form (1.4) for n = q . Using the induction hypothesis and appealing to the lemma with r = 1, a = ß = 1 /*, u -v = y/x we conclude that the test fraction in question can be written in the required form (2.3) and we are through.
